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Cross Flow Effects on Glaze Ice Roughness Formation Abstract
The present study examines the impact of largescale cross flow on the creation of ice roughness elements on the leading edge of a swept wing under glaze icing conditions. A three-dimensional tripledeck structure is developed to describe the local interaction of a 3D air boundary layer with ice sheets and liquid films. A linear stability analysis is presented here. It is found that, as the sweep angle increases, the local icing instabilities enhance and the most linearly unstable modes are strictly three dimensional. 
Nomenclature

Introduction
This work analyzes the linear stability of a three-dimensional laminar boundary layer flowing past a thin layer of surface water, formed and replenished from the impingement of small supercooled droplets, on a growing glaze ice substrate near the leading edge of a wing surface with the presence of significant cross flow. Specifically flow over a swept wing is considered, as shown in Fig. 1 . Recent experimental investigations on glaze ice shape formation on swept wings [1] [2] [3] [4] have shown that the sweep of a wing can affect the glaze ice accretion process. with n=0.41 and 0.43 respectively. Clearly the induced cross flow on swept wings has changed and modified the surface water run-back behavior, relative to the zero sweep configuration, and consequently the glaze ice accretion process is changed as well. One of the most noticable difference between Figs. 2 and 3 is the replacement of a smooth zone (i.e. 2D dominant modes with diminishing growth rate) with well defined 3D roughness field along the attachment line (or the stagnation line) region when the wing is swept.
In a previous study on the formation of ice roughness on a NACA 0012 airfoil leading edge under glaze icing conditions, Tsao & Rothmayer 5 showed that a mutual interaction between the film dynamics and the ice accretion process can lead to the creation of surface ice roughness elements. The linear stability analysis has predicted that the most unstable and fastest growing modes have streamwise wavelength of millimeter size, and also there is a narrow region of strong instability centered at some distance downstream of the nose. Although qualitative features of glaze ice roughness formation on an airfoil leading edge observed experimentally [6] [7] are well captured by the 2D model, its usefulness in helping one to understand the aforementioned change in roughness formation mechanism associated with swept wings is then limited because the flow is 3D, even if only weakly so. Therefore, a fully three-dimensional triple-deck model is used to study the effect of cross flow on local icing instabilities leading to the formation of glaze ice roughness.
The second area of interest of the paper concerns the possible connection between the Messinger freezing fraction and the icing instability. The Messinger model in its original form represents an equilibrium energy balance, in which the freezing fraction indicates how much super-cooled water droplets upon impact will turn into ice mass in the equilibrium steady state. Its numerical value, ranging from 0 to 1, determine the physical appearance of the accreted ice. But why does this parameter have such a morphological feature? Is it related to the dynamic aspect of the icing process? As a starting effort, a theoretical derivation of the freezing fraction expression within the context of the current model is made , and it is found that the freezing fraction is directly tied to the samll scale icing instability. A brief discussion of its implication will be given.
The Nonlinear 3D Triple-Deck Flow
Tsao & Rothmayer in Ref. 5 have laid out a complete derivation of the overall asymptotic structures for a 2D airfoil glaze icing problem, which includes global boundar-layer and local triple-deck scaled structures. As for the 3D counterpart problem, i.e. flow over a swept wing, the asymptotic scaling analysis given in Ref. 5 can be readily applied. Unfortunately, space does not permit a full discussion and so the paper will focus only on the local flow structures which are important to the glaze ice roughness formation process.
In describing the local flow, a Cartesian coordinate system (x,y,z) and their corresponding velocities (u,v,w) are taken to be centered at some point on the wing surface, see Fig. 1 . The local near-wall streamline (for y!0) defines the streamwise direction, x, to which the crossflow direction, z is normal, and y denotes the coordinate which is perpendicular to and out of the wing surface. Notice that the angle between the local streamwise direction and the global chordwise direction is the flow angle θ, where q + tan *1 (U s ńU c ).
Here the subscripts c and s indicate the chordwise and spanwise directions respectively. Also, it should be noted that the present analysis neglects possible surface curvature effects, which is generally acceptable in the thin layer model considered here but may fail in other situations.
As shown in Fig. 4 , the local air flow is a steady three-dimensional tripl-deck structure. The basic equations and boundary conditions governing the local 3D triple-deck flow is similar to the 2D case derived in Ref. 5 (i.e. the problem in the z-direction is essentially a mirror image of the problem in the x-direction provided finite boundary-layer scaled wall shear stressess and edge velocities) and will simply be stated here. Interested readers are referred to that study, and some related detailsof 3D boundary layer instability problem may be found in Stewart & Smith 8 and Ryzhov & Terent'ev 9 .
Let us further confine ourselves to the lower nearwall viscous sublayer (lower-deck) where the air flow can affect the growth dynamics of the water film and ice layer. The governing equations for the local triple-deck structure are given in Prandtl transposed variables by
(4)
with the boundary conditions (6) and the farfield matching conditions
where l X and l Z denote the local boundary layer wall shears, q is the local boundary layer surface heat transfer, ( h 0, d 0 ) represent the boundary layer scaled water film and ice sheet thickness and
The viscosity ratio of water to air, M, is assumed to be large so that the lubrication approximation can be used to describe the film flow.
The unknown displacement function, A(X,Z), is related to the self-induced air pressure through the Cauchy-Hilbert integral:
. (10) The U e and W e stand for the velocities just outside the boundary layer. The Gibbs-Thomson parameter Γ, shown in eqn. (22), comes from the GibbsThomson relation and is defined as
where d 0 is a capillary length defined by
The local water film motion and ice layer growth are nonlinearly coupled and governed by
where h + h * q m d , h + h * d and
The gravitational and surface tension parameters of liquid water are defined as
R ). Also in the Stefan equation, i.e. eqn. (14) , the triple-deck scaled Stefan number is defined as
where
Linear Stability Analysis
As in the studies of Smith 10 and others 5, 11, 12 , the flow is resolved into its primary and perturbation parts. Although we are considering only the leading order term, Smith 10 shows that high order terms could be added to improve the accuracy of the solution. The variables are expanded in normal mode form as follows:
where k x and k z (both are real) denote the tripledeck scaled wave numbers in X and Z directions and The three-dimensional linear stability problem can be further reduced to an equivalent two-dimensional problem if one lets
V + V, T + T, and P + P.
cos q + cos q X ) cos q Z ,
The ensuing quadratic dispersion relation for the linear instability eigenvalues, i.e. w, is found to be
where It is noted that, in the above expressions, Ai denotes the Airy function of the first kind. Two special functions, L j and L k , are introduced and they satisfy A number of parametric studies, based on the test condition given for Fig. 2 , are performed to assess the cross flow effects, i.e. via varying W e and l Z , on instability. Several important findings are obtained from the results:
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(1) There are two types of instabilities, wave-like (w 1 ) and broad-band (w 2 ) modes, both present in the flowfield(see Fig. 5 ).
(2) The most linearly unstable modes are strictly three-dimensional when the cross flow is present (see Fig. 6 ).
(3)
The instabilities are enhanced with increasing growth rates and wave speeds as the cross flow becomes stronger, see Fig. 7 .
(4)
There is a considerable change in the most observable instability growing patterns, in terms of the characteristic length scales, when the cross flow is non-zero, see Figs. 8 and 9.
Comparison with Experiments
As mentioned early in the introduction, this study was partly motivated by the aim to understand the glaze ice roughness formation process on swept wings. To apply the stability analysis, i.e. eqn. (17) , to the experimental data of Fig.3 , a "quasi 3D" synthetic global flow profile was constructed for points along a given chordwise cross section (i.e. a NACA 0012 airfoil) of a swept wing, see Fig. 10 . The combined 3D flow mainly contains a 2D boundary layer solution for flow past the parabolic leading edge of a NACA 0012 airfoil at zero angle of attack with some prescribed spanwise velocity distributions.
Two important observations are noticed from the stability analysis. They are summarized briefly as follows:
(1) The leading edge region is covered entirely with three-dimensional ice roughness elements of different sizes and aspect ratios, see Fig. 11 . The "average" characteristic length of the 3D roughness is about 1 mm. The smooth zone observed in Ref. 7 (see Fig. 2 ) for zero sweep angle condition has disappeared.
(2) There is a narrow region of strong instability centered at some distance ( 8mm ) downstream of the nose, see Fig. 12 . The roughness elements in this zone are expected to grow much faster and larger than roughness elements in other locations. In comparison with our prediction, the critical distance (measured from the attachment line to the beginning of larger glaze ice feather zone) given by Vargas et. al.in Ref. 1 is about 6 mm after 1 min of ice accretion.
Connection with the Freezing Fraction
In icing scaling, the freezing fraction parameter n, derived from the Messinger energy-balance analysis for freezing at an unheated surface, can be written in the form [13] [14] ,
The terms involved are f, the water droplet energy transfer parameter; q, the air energy transfer parameter; and b, the relative heat factor which was first Since Messinger's energy-balance analysis does not consider heat loss from water runback or to conduction into the cold wall, ice substrate and water film, the freezing fraction parameter is effectively related to the overall heat transfer parameter of air/ droplet mixture, qQ, of the current model. After some working, the freezing fraction can be rewritten as The first term on the r.h.s. of eqn. (20) is the transient growth from the cold wall, and the second term is the steady-state growth rate, i.e. as t →1. This suggests that the Messinger model really is a large time asymptote of the current model. Also the dispersion relation of eqn. (17) can be approximated as
via an order of magnitude analysis of the equation. With this expression for w 2 , the freezing fraction is directly tied to the broad-band icing mode. Furthermore, by setting w 2 = 0, the neutral stability wave number k 2 is found to be
the smallest unstable ice roughness a physical length scale that is close to an ice feather. In summary, the freezing fraction is found to be an important parameter that can control small scale ice roughness (feather) growth.
Conclusions
A three-dimensional triple-deck local flow structure is developed to study the impact of large-scale cross flow on the creation of ice roughness elements on the leading edge of a swept wing under glaze icing conditions. A linear stability analysis is performed locally and found that when the cross flow is present, the instabilities enhance and the most linearly unstable growing ice roughness are fully three dimensional.
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